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A quote from 2002

The constant terms in an error bound are the least
important parts of error analysis. It is not worth spending
much effort to minimize constants because the achievable

improvements are usually insignificant.
Nick Higham, ASNA 2ed (2002)

2/25 Sharper and smaller error bounds Theo Mary



Today: low precision arithmetics

Type Bits , Range u=2"
fpbL double | 64 | 101308 | 2753 ~ 1 x 10716
fp32 single 32 107 | 272 ~6x 1078
fpl6 half 16 | 105 271l ~5x 107
bfloatlé half 16 | 10%38 | 278 ~4x 1073

Half precision increasingly supported by hardware:

e Present: NVIDIA Pascal & Volta GPUs, AMD Radeon Instinct
MI25 GPU, Google TPU, ARM NEON

e Near future: Fujitsu A64FX ARM, IBM Al chips, Intel Xeon
Cooper Lake and Intel Nervana Neural Network

exponent fraction exponent fraction
sign (5 bits) (10 bits) sign (8 bits) (7 bits)
|1 I 1 I T I 1

fp16 bfloatl6
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Today: low precision arithmetics

Type Bits , Range u=2"
fpbL double | 64 | 101308 | 2753 ~ 1 x 10716
fp32 single 32 107 | 272 ~6x 1078
fpl6 half 16 | 105 271l ~5x 107
bfloatlé half 16 | 10%38 | 278 ~4x 1073

Designed for machine learning but offer interesting opportunities
for scientific computing:

e Faster flops

e | ess stforage and communications
e | ower energy consumption

But need to deal with

¢ Reduced range (fp16)

¢ Reduced precision (large u)
3/25 Sharper and smaller error bounds Theo Mary



Summation

Summation s = > "7, x; is at the heart of NLA:
e Inner products a’b = Y"1, aib;
e Matrix-vector/matrix products = multiple inner products

e | U factorization and linear systems: y = ¢ — (foz_ll aib;)/bk
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Summation

Summation s = > "7, x; is at the heart of NLA:
e Inner products a’b = Y"1, aib;
e Matrix-vector/matrix products = multiple inner products

e | U factorization and linear systems: y = ¢ — (Zf.;_ll aib;)/bk

Backward error analysis:

= (Xl + X2)(1 + (52) K

Sk = (Sk—1 +xk)(1 4+ 8) = x1H(1 +8) + e xi(1+ )
n n j=2

Sh=s=) x[[1+§), I§l<u (81 :=0)
i=1 =i
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Summation
Summation s = )| x; is at the heart of NLA:
e Inner products a’b = Y"1, aib;
e Matrix-vector/matrix products = multiple inner products

o LU factorization and linear systems: y = ¢ — (325" aib;) /bx

Backward error analysis:

So = (x1 + x2)(1 + d2) K

Se= G +x0(1+8) =xa [ J(1+6) + ..+ xe(1 + &)
n n j=2

S=5=> x[[1+9), I§l<u (61 := 0)
=1 j=i

Fundamental lemmma in backward error analysis

If |0;] <ufori=1:nandnu<1,then
n

[T +6)=1+6n [6s <= = nu+O(u?)
Pl 1—nu
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With low precisions, backward stability is lost

Most backward error bounds in scientific computing o< 7,, = nu

In half precision, not a single correct
digit guaranteed when n > 1024
(fp16) or n > 128 (bfloat16)

10710 —o-bfioat16) | Classical algorithms can no longer
—+—fpl6 .
+fg32 be considered “backward stable”!

—a—{p64

10-15 L L L L
10" 102 10% 10* 10% 10® 107 108
n

The emergence of low precisions has created a need for

e Sharper bounds, to maintain backward stability guarantees
e Smaller bounds, ideally o< cu, for some modest ¢ = O(1)

e Both important, as sharp + small bound = small error
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Part 1: sharper bounds

e Traditional worst-case bounds are typically pessimistic because
of statistical effects on the rounding errors

e Consider E =3, ¢ for random independent §; of mean zero
= central limit theorem: for n — oo, E/\/n ~ N(0, u)

In general, the statistical distribution of the rounding errors will reduce
considerably the function of n occurring in the relative errors. We might
expect in each case that this function should be replaced by something
which is no bigger than its square roof.

— James Wilkinson, 1961

Can we rigorously prove this rule of thumb for a wide class of
algorithms?
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Probabilistic model on the rounding errors

We seek an anologous result to the fundamental lemma by using
the following model

Probabilistic model of rounding errors

In the computation of interest, the quantities J in the model

fllaopb) =(aopb)(1+4), |6|<u, ope{+ —,x,/}
associated with every pair of operands are independent random
variables of mean zero.

There is no claim that ordinary rounding and chopping are random
processes, or that successive errors are independent. The question to be
decided is whether or not these particular probabilistic models of the
processes will adequately describe what actually happens.

— Hull and Swenson, 1966
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Probabilistic backward error analysis: proof sketch

First step: transform the product in a sum by taking the logarithm

S =log H(l +4) = Z log(1+ 6;)
i=1 i=1
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Probabilistic backward error analysis: proof sketch

First step: transform the product in a sum by taking the logarithm
n n
S =log H(l +0;) = Z log(1+ 6;)
i=1 i=1

Second step: apply Hoeffding's concentration inequality:

Hoeffding's inequality
Let X1, .., X, be random independent variables satisfying |Xj| < c.
Then the sum S =", X; satisfies

Pr(|S — E(S)| > Av/nc) < 2exp(—A%/2)

to X; = log(1 + ¢;) = requires bounding log(1 + §;) and
E (log(1 + d;)) using Taylor expansions
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Probabilistic backward error analysis: proof sketch

First step: transform the product in a sum by taking the logarithm
n n
S =log H(l +0;) = Z log(1+ 6;)
i=1 i=1

Second step: apply Hoeffding's concentration inequality:

Hoeffding's inequality
Let X1, .., X, be random independent variables satisfying |Xj| < c.
Then the sum S =", X; satisfies

Pr(|S — E(S)| > Av/nc) < 2exp(—A%/2)

to X; = log(1 + ¢;) = requires bounding log(1 + §;) and
E (log(1 + d;)) using Taylor expansions

Third step: retrieve the result by taking the exponential of S
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Probabilistic backward error analysis: main result

Main result

Let §;, i=1: n, be independent random variables of mean zero
such that |0;] < u. Then, for any constant A > 0, the relation

n

2
H(1 +8)=146n 1[0, <7,(\) :=exp (’\ﬁ‘”r 1ni, u) !

i=1
< \nu + O(u?)

holds with probability P(A) = 1 — 2exp (—A?(1 — u)?/2)
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Probabilistic backward error analysis: main result

Main result

Let §;, i=1: n, be independent random variables of mean zero
such that |0;] < u. Then, for any constant A > 0, the relation

n

2
H(1 +8) =146, 10, <7,(\) :=exp (*ﬁuJr 1ni, u) !

i=1
< \nu + O(u?)

holds with probability P(A) = 1 — 2exp (—A?(1 — u)?/2)

Key features:

e Exact bound, not first order (nu < 1 not required)

e No "n — 0" assumption (CLT — Hoeffding's inequality)
Small values of A suffice: P(1) ~ 0.73, P(5) > 1 —107°

Can be applied in a nearly systematic way: v, — 7,(\)
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Probabilistic backward error analysis: experiments

Single precision Half precision

—n

)

102 [|—e—bwderr ([0,1])
—#—bwderr ([-1,1])

—
——Fu1)

—o—bwderr ([0,1])
—s—bwderr ([-1,1])

1072
10734
ki X
1074 ‘
10 102 103 104 105
n n

e Able to guarantee backward stability for a wider range of
problems in a probabilistic sense

e With half precision and [0, 1] data, 7, is not valid for large n
e Even 7, is not sharp for [—1, 1] data
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Stagnation leads to rounding errors with nonzero mean

Si+1 =Si+Xi = /S\H—l = (/S\, + X[)(]. + (5,)

Explanation: s; keeps increasing, at some point, it becomes so
large that 501 =5 = 0 = —x/(Si+x) <0

R Distribution of the §;
Backward error at step i % ’
j=1%i

—
L)
—o—bwderr ([0,1])

%10

0" 10 100 10 108 Top: 1 <i <3000
Bottom: 3000 < i < 10°
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Another summation error analysis

Recursive summation computes
/S\H_l = (/S\, +Xi+1)(]. + 5,’), i=1:n with S1 = X1

S—S=5,—5,=5n-1—Sn—1 + (Sn—1 + xn)0n

n—1 n—1 n—1
=) Gi+xir1)6=> Si8i/(1+8) = 10+ O(u?)
i=1 i=1 i=1
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Another summation error analysis

Recursive summation computes
/S\H-l = (/S\, +Xi+1)(1 + 5[), i=1:n with S1 = X1

S—S=5,—5,=5n-1—Sn—1 + (Sn—1 + xn)0n

n—1 n—1 n—1
=Y G+xis)d =D Sin16/(1+8) = si16 + O(u?)
i=1 i=1 i=1

Oettli-Prager backward error formula:

~ -1
Ebwg = s—s| _ ‘27:1 Si+15i|
wd = =
Yilibal X il

We recover worst-case bound:

1
uyoy |51+1| ud oy Z 1] J|
D >y Ixil
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Probabilistic model of the data

We also recover probabilistic bound by applying

Hoeffding's inequality
Let X1, ..., X, be random independent variables satisfying |Xj| < c.
Then the sum S = Y7 | X; satisfies

Pr(|S — E(S)| > Av/nc) < 2exp(—A?/2)

to Xj = Sj+15j with ¢ = UZ?:1 |X,"
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Probabilistic model of the data

We also recover probabilistic bound by applying

Hoeffding's inequality

Let X1, ..., X, be random independent variables satisfying |Xj| < c.
Then the sum S = Y7 | X; satisfies

Pr(|S — E(S)| > Av/nc) < 2exp(—A?/2)

to X; = sjp10; with c = u > |xi]

Our objective now is to obtain a sharper bound by taking into
account the distribution of the x;:

Probabilistic model of the data

The x;, i =1 : n, are independent random variables sampled from
a given distribution of mean p, and satisfy |x;| < C,.
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Sharper probabilistic backward error analysis

Hoeffding 1: |sj| < jj + ACx/J = |Xj| < ¢ = (pen + ACxy/n)u
Hoeffding 2: [s —s| = |Zj":_11XJ] < Avne = (Auen®/? + X2Cyn)u
Technical difficulty: X; = s;11d; are not independent since

sj =Y i_; xi depend on each other = use martingales
Hoeffding 3: 3 1L, [xi| > npjy — ACx/n
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Sharper probabilistic backward error analysis

Hoeffding 1: |sj| < jj + ACx/J = |Xj| < ¢ = (pen + ACxy/n)u
Hoeffding 2: [s —s| = ‘Zf;l X| < Ane = (Axn®? + A2Cen)u
Technical difficulty: X; = s;11d; are not independent since

Sj = Z’,.Zl x; depend on each other = use martingales

* Hoeffding 3: >, [xi| > npp — ACxy/n

Main result
Under the previously stated models of rounding errors and data,

s+ Mixy/n + A2Cy
Ebwd = —=n < “u
Y1 Xl T ppg — ACK/V/n

holds with probability P(A) = 1 — 2(n + 1) exp (—A?/2)

+ O(u?)

* ix = O(1) = epwa = O(v/nu)
® py =0or pu, < 1= epyg = O(u)
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Sharper bounds: summary

General §; Probabilistic model on §;
General x; , Probabilistic model on x;
px # 0 px =0
Backward nu Vnu Vnu u

By incorporating statistical effects on both the rounding errors and
the data we obtained sharp backward error bounds for any data
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Sharper bounds: summary

General §; Probabilistic model on §;
General x; , Probabilistic model on x;
px # 0 px =0
Backward nu Vnu Vnu u
Forward KNU Ky/nu Ky/nu = +/nu  ku & +/nu

By incorporating statistical effects on both the rounding errors and
the data we obtained sharp backward error bounds for any data

0
Forward = k X Backward * —y
Sy bl e o)
K= == }
B
1076
V/nu is still too large for large u and n \
10°

= we do need smaller bounds D TS

15/25 Sharper and smaller error bounds Theo Mary



Part 2: smaller bounds

Existing algorithms to avoid error accumulation are expensive.
For example, compensated summation [Kahan 1965]:

s=0,e=0;
fori=1:ndo
y=x+ e

t=s;, s=1t+y
e=(t—s)+y
end for

yields an error bound 2u but is 4x more expensive

= Not suited for low precisions: simply using higher precision
would be cheaper!

Can we design more accurate algorithms while preserving high
performance?
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NVIDIA tensor cores (joint work with P. Blanchard, F. Lopez, S. Pranesh)

4 x 4 matrix multiplication in 1 clock cycle:

D = A B + C

- -/

fp16 or fp32 fpl6 fp16 fp16 or fp32

e Possibly, this is a block fused multiply-add (FMA): only one
rounding error per element: D = fl15(D) or fls2(D)

e Algorithms now become intrinsically mixed precision—and
more complicated to analyze
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Tensor cores: error analysis

Let A,B € R"*". Computing C = AB with a block FMA yields, for
any row x of A and any column y of B

n/4
S = (ayitexaya) [JO+6) + o+ (xn-syn-s+. . Axnyn) (146,/4)
j=1
IC-Cl< A AIBL Upma = uig or ugy
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Tensor cores: error analysis

Let A,B € R"*". Computing C = AB with a block FMA yields, for
any row x of A and any column y of B

n/4
S = (ayitexaya) [JO+6) + o+ (xn-syn-s+. . Axnyn) (146,/4)
=1
IC-Cl< it ANIB, UFmA = Ugg OF Ugy

Standard  Tensor core Tensor core Standard
fpl6 TC1l6 TC32 fp32

(Nn+2uyg (N/4+2)uyg  2upg + Nugy/4 Nusy

e fp16 — TC16: factor 4 reduction thanks to block FMA
e TC16 — TC32: factor n/8 reduction by accumulating in fp32
e TC32 — fp32: in theory, reduction only if n is small
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Tensor cores: experiments with LU factorization

Should we accumulate in single (TC32) or half (TC16) precision?

Backward error Performance (TFlops/s)

T T 40 T T T
1073 | ——fpl6 ——TCl6 E —eo— TC16
| —— TC32 —e— {p32 E —— TC32
30 | ——fpl6
—o—fp32

1071 |
i 1 20

. M

. M 10

| | | |
10,000 20,000 30,000 40,000 10,000 20,000 30,000 40,000

Matrix size: n Matrix size: n

e TC32 almost as fast as TC16, and much more accurate

e fp32 remains more accurate than TC32 in practice, but only by
~ an order of magnitude
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The FABsum algori’rhm (joint work with P. Blanchard)

Classical Blocked summation algorithm:

fori=1:n/bdo

Compute s; = Z}i(i—l)b-i-l Xj.
end for
Compute s = Z,’Zf Si.

e Widely used in NLA libraries (BLAS, LAPACK, ..)
e Error bound nu — (b +n/b)u
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The FABsum aIgoriThm (joint work with P. Blanchard)

Fast Accurate Blocked summation algorithm (FABsum):

fori=1:n/b do

Compute s; = Z}i(,_l)bﬂ xj with FastSum.
end for
Compute s = Z,’Zf s; with AccurateSum.

X ... X ........................... X _ .. X
1 b R , n—b+1 n
Sv1 Sn"/b
4

e Widely used in NLA libraries (BLAS, LAPACK, ..)
e Error bound nu — (b + n/b)u — bu with FABsum
e Only (1+1/b)x more expensive
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FABsum: numerical results

Backward error (for [0, 1] data)

Single precision Half precision

104 ; 10° ‘ ‘
—o—Standard —o—Standard o
—o—FABsum —o—FABsum

10°° 107
10 102
AT URR TS S
10°8 1074
102 10%  10*  10°  10® 107 102 108 104 105
n n

e Implementation in multicore library PLASMA achieves high
performance (less than 5% overhead)
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FABsum: numerical results

Backward error (for [—1, 1] data)

Single precision Half precision

107 ‘ N ‘ ‘ ‘
1078
10°°
10-10 L

—e— Standard

—e—FABsum
10-11

102 10%  10*  10°  10% 107

e Implementation in multicore library PLASMA achieves high
performance (less than 5% overhead)
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One more idea: zeroing the summands mean

Idea: given x; of mean uy # 0, let y; = x; — 11, and compute

n
S = Z)/i + Npy
i=1

[s — s

m o O(v/nuyu) + O(u) = O(u)

Cost: 2n flops but for C = AB, where A, B, C € R"*" the cost of
the algorithm below is O(n?) < O(n?)

A A—xel
C + AB+x(e'B)

where x; = mean of ith row of A and e is the vector full of ones
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Mean zeroing: numerical results

Backward error (for [0, 1] data)

Half precision

—o—Standard o
—— Mean zeroing 5

Single precision

4 -
10 —o—Standard
—+—Mean zeroing

10°

10° 10"
10° 10
107 102"
1078 1041
102 10%  10*  10°  10® 107 102 108 104 105
n n
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Smaller bounds: summary

24/25

Summation algorithm  Backward error Cost

Compensated x u x4

Higher precision x u typically x2
Blocked* x (b+n/b)u

FABsum* x bu x(1+1/b)
Mean zeroing™* x u x(141/n)
Tensor Cores x u =4

* worst case (probabilistic analogues: vbu and /b + n/bu)

*k

under probabilistic model of the data
Compensated: not suited for low precisions compared to use
of higher precision

Blocked: widely used in practice, dependence on n remains

FABsum, mean zeroing: drop dependence on n for modest
overhead

Tensor Cores: nice, but hardware specific
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Conclusion

With the emergence of low precision arithmetics,
classical analyses can no longer guarantee
the backward stability of classical algorithms

We need new analyses to obtain sharper bounds
= probabilistic tools are both useful and timely

We need new algorithms to obtain smaller bounds
= both high performance and high accuracy is possible!

Slides and papers available on my webpage

bit.ly/theomary
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