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W e ex am in e th e lo cal b eh av io r o f th e N ew to n ’s m eth o d in fl o atin g p o in t arith m etic fo r th e c o m -
p u tatio n o f a sim p le zero o f a p o ly n o m ial assu m in g th at a g o o d in itial ap p ro x im atio n is av ailab le.
W e allo w an ex ten d ed p rec isio n (tw ice th e w o rk in g p rec isio n , n am ely tw ice th e n u m b er o f d ig its o f
th e w o rk in g p rec isio n ) in th e c o m p u tatio n o f th e resid u al. F o r th at w e u se th e c o m p en sated H o rn er
sch em e (CompHorner) w h ich satisfi es th e fo llo w in g erro r b o u n d

|CompHorner(p, x) − p(x)| ≤ eps|p(x)| + γ2
2np̃(x),

w h ere p(x) =
n∑

i= 0
aix

i, p̃(x) =
n∑

i= 0
|ai||x|

i, an d eps is th e relativ e ro u n d in g erro r (fo r ex am p le

eps = 2−5 3 in IE E E 7 5 4 d o u b le p rec isio n ).
W e u se th e fo llo w in g ac c u rate N ew to n ’s alg o rith m .

Algorithm 1. Accurate Newton’s method

x0 = ξ

xi+ 1 = xi −
CompHorner(p, xi)

p′(xi)

W e assu m e th at w e alread y k n o w th at th e ro o t w e are lo o k in g fo r b elo n g s to [a, b] w ith a, b ∈ R

an d w e d en o te β = m ax
x∈[a ,b ]

|p′(x)|.

W e p ro v e th at, fo r a su ffi c ien t n u m b er o f iteratio n s, th e zero is as ac c u rate as if c o m p u ted w ith
tw ice th e w o rk in g p rec isio n .

T heorem 1. Assume that there is an x such that p(x) = 0 and p′(x) 6= 0 is not too small. Assume

also that

eps · c o n d (p, x) ≤ 1/8 for all i,

where c o n d (p, x) = p̃(|x|)/|p(x)|. T hen, for all x0 such that

β · |p′(x)−1| · |x0 − x| ≤ 1/8,

Newton’s method in fl oating point arithmetic generates a sequence of {xi} whose relative error

decreases until the fi rst i for which

|xi+ 1 − x|

|x|
≈ eps + γ2

2n c o n d (p, x).

W e p ro v id e n u m erical ex p erim en ts c o n fi rm in g th is. C o n cern in g th e n u m b er o f iteratio n s n eed ed
fo r th e ac c u rate N ew to n ’s alg o rith m , it is n o t c lear w h eth er it is th e sam e as th e c lassic N ew to n ’s
alg o rith m .
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