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Accurate dot products with FMA

‘ Motivation: what is the best way to use FMA for accurate dot products? I

® |EEE-754 floating point arithmetic + FMA: ® Floating point Fused Multiply and Add (FMA):
S. Grai”at, Ph. La nglois and N. Louvet ® F denotes the set of the floating point numbers, ® given a, b and cin F, FMA(a, b, ¢) equals a X b+ ¢ rounded to the
® u is the working precision: nearest floating point value.
{graillat , langlois, nicolas. louvet}@univ—perp ir e.g., u =27~ 10719 in IEEE-754 double precision. # only one rounding error for two arithmetic operations!
DALI-LP2A Laboratory, University of Perpignan, France ®v=(r,...,v,) and y = (y1,...,y,)" belong to F"*. ® Available on Intel IA-64, IBM RS/6000 and PowerPC.

f
‘ Accuracy of Classic Dot Product I ‘ Compensated Dot Products I ‘ Experimental results I
® We consider dot products without/with FMA: : ® Algorithms CompDot and CompDotFMA as accurate as the classic dot
® More accuracy can be achieved thanks to _ . W
Classic dot duct Dot duct with EMA #® double-double computations (see algorithm DotXBLAS below), product performed in doubled working precision means:
ass.:lc AO S 0 .proAuc W » or with compensated algorithms: the forward error in the floating point ® while cond(z"y) < u™, the accuracy is about the working precision u,
fungtlzor;jls@:yli)ot(x, y) fun;t:r;jls@):yllz)otFMA(az, y) evaluation of 2’y is » when u™! < cond(z!y) < u~?, the accuracy decreases from 16 digits to 0,
fori—9-n fori—9-n ¢ = 2Ty — computed(zTy) » for cond(zy) 2> u™2 no correct digit is returned.
The main idea is to compute an approximate ¢ of the global error ¢ thanks - IC?m?eﬁsatledldOT prIOdllet Ialglomlhmls (rl1:1Iooj 72|0 S:anfplels)l
® The condition number for dot product computation is to Error Free Transformations (EFT). Then a compensated result 7 . |
oy is provided correcting the computed 2’y as follows, 0.01 | CompDot ~ + eps + 1/2 y,2 cond
||y . T ' CompDotFMA <  eps+1/2 Y41 U coNd
cond(z'y) = 2 ., with 2« 0. R s
(#"y) 2Ty v 7 7 = computed(2'7y) © €. 1e-04 ]
. i le-06 .
® :jNotrsi.: cas[e) atccu;a[(;y.tFFllt/I/IAAd;etshnot .|fr.nprove the accuracy of computed dot ® From Dot and DotFMA, we derive two compensated algorithms using EFT 5 _
product since LJOL an 0 oth verities (ZSum, 2ProdFMA and 3FMA are presented in the EFT frame below), = 1le-08 .
~ 2
5 —a'yl < 1 d(+T ® CompDot: correcting + and X in Dot with 2Sum and 2ProdFMA S 1e10 -
LI <2 5, cond(aTy). :
|y 2?{: (see [2]). $ tew
o e- .
. _ _ o CompDotFMA: correcting FMA in DotFMA with 3FMA.
® Practical accuracy: FMA only slightly improves the actual accuracy. oy ]
Classical dot product with/without FMA (n=100, 720 samples) [ u ]
L . Compensated Dot Compensated DotFMA Le-16 pgme s, e g £ A -
function 7 = CompDot(z, y) function 7 = CompDotFMA(z, y) to1s L0 900 o Te T e
0.01 - 1 = Al — D A — |<?|<>|<>|||
Dot v : 5, a = 2ProdFMA(z1, y1) 5, a = 2ProdFMA(z1, y1) 100000 1e+10 le+15 1e+20 le+25 1e+30 1e+35
1e-04 DotFMA < - fori=2:n fori=2:m condition number
| []/57 7T] — 2PI’OdFMA(£I]“ y2> [é\a «, ] — 3FMA(:EZ7 Yis /S\>
s ‘ |5, 0] = 2Sum(5, p) c=ce(aop) . o
E 1e-08 | c=C®(r®o) end ® What is the running time over-cost compared to DotFMA?
: - end F=35@&¢C n  DotFMA CompDot CompDotFMA DotXBLAS
2 1e-10 ] T=5s®c 50 1.0 1.63 2.61 9.87
g et ] 100 1.0 1.35 2.43 9.65
' ® The relative accuracy of the compensated result now verifies: 1000 1.0 1.26 2.6 10.86
te-dd /g ] 10000 1.0 1.25 2.62 10.97
T o u [ u+ 1 42 cond(z'y), with CompDot, 100000 1.0 1.25 2.35 9.8
los | " > ] 17— 2Tyl ~n? u? Measured computing times on Intel Itanium 2
N R 27y < S (1.6 GHz, ICC v9.0, IEEE-754 double precision)
100000 le+10 le+15 1e+20 le+25 1e+30 1e+35 u -+ 1 Ynt1 U COﬂd($Ty) with CompDotFMA
condition number 2 &,—/ ’
~(n+1) u? ions:
® (lassic dot product is not accurate enough when applied to ill-conditioned dot ) # Observations
products e.g., when computing residuals for ill-conditioned linear systems. ® CompDot and CompDotFMA are as accurate as classic dot product com- 1. CompDot and CompDotFMA run both faster than DotXBLAS,
® Question: How can we obtain more accurate dot products? puted in doubled working precision u®. 2. CompDot is the most efficient alternative to DotXBLAS.
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Error Free Transformations (EFT) ‘ XBLAS Dot Product I ‘ Conclusions I

® Error Free Transformations are properties and algorithms to compute the generated rounding ® XBLAS = BLAS + Bailey's double-doubles = eXtended and mixed ® FMA only slightly improves the accuracy of the classic dot product.
errors at the working precision u. The following table sums up the EFT for 4+, x and FMA. precision BLAS [1].
+ [(z,y) = 2Sum(a, b) 6 flops | Knuth (74) ® A double-double number = unevaluated sum of two |IEEE-754 double ® Nevertheless FMA is useful for designing accurate algorithms: CompDot
suchthat a+b=z+yandz=a®b precision numbers = at least 106 significand bits. and CompDotFMA are very efficient for doubling the working precision.
X |(z,y) = 2ProdFMA(a,b) 2 flops ® DotXBLAS = Classic dot product (Dot) + double-doubles.
such that a Xxb=x4+yandr=a®Db ® DotXBLAS also benefits from the availability of FMA. ® In particular CompDot is about 6 times faster than XBLAS
Indeed y = a X b — x = FMA(a, b, —x) algorithm DotXBLAS in our experiments.
FMA | (x,y, 2) = 3FMA(a, b, ¢) 17 flops| Boldo
such that =z = FMA(a,b,c¢)anda xb+c=x+y+ 2 Muller (05)
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® Remark: x, y and z belongs to F when a, b and ¢ are in F. [1] X. S. Li, J. W. Demmel, D. H. Bailey, G. Henry, Y. Hida, J. Iskandar, W. Kahan, S. Y. Kang, A. Kapur, M. C. Martin, B. J. Thompson, T. Tung and D. J.

# Algorithm 2ProdFMA is used instead of the classic 2Prod (by Dekker and Veltkamp, 17 flops)
to benefit from FMA.
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