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1. Introduction

The need to evaluate the derivatives of a polynomial at a specific point arises in many fields of engineering and
mathematics. Horner’s rule is the classic algorithm for evaluating polynomials. It can also efficiently evaluate various
order derivatives of a polynomial. We denote this Horner scheme with derivatives by HD algorithm (Horner derivative
algorithm). The HD algorithm carries out the process of synthetic division without determining the derivative expression
of the polynomial. This algorithm and its error analysis have been studied by Miiller [1], Olver [2] and Burrus [3], and
summarized by Higham in [4]. However, when performed in floating-point arithmetic, the computed result by the HD
algorithm may be less accurate than expected due to cancellations. Therefore, some high accurate algorithms are required.
Recently, Graillat, Langlois and Louvet [5-7] proposed a compensated Horner algorithm to evaluate the polynomial in
power basis. The algorithm, using error-free transformations (EFTs) [8-10], yields a full precision accuracy for not too
ill-conditioned polynomial. Motivated by this previous research, we propose the compensated Horner derivative algorithm
to evaluate the k-th derivative of a polynomial.

The rest of the paper is organized as follows. In Section 2 we introduce some basic notations and results about
floating-point arithmetic and error-free transformations. In Section 3, we recall the HD algorithm and present its forward
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error bound using a new approach which is different from that in [4]. In Section 4 the compensated Horner derivative
algorithm is derived with EFT. In Section 5 the forward error analysis is performed. Section 6 is devoted to the running error
analysis. In Section 7 numerical experiments illustrate the accuracy and efficiency of the proposed algorithm. Finally, we
conclude by giving an application of the proposed algorithm.

2. Preliminaries

In this paper we assume all the floating-point computation is performed in double precision, with the round to the nearest
rounding mode and no underflow occurring. We also assume that the computation in floating-point arithmetic obeys the
model

aopb=fl(@aob) = (aob)(1+e1) =(aoh)/(1+ &), (M

where op € {®,6,®},0 € {+,—, x} and |eq], |e2] < u. The symbol u is the round-off unit and “op” represents the
floating-point computation, e.g. a @ b = fl(a + b). We also assume that all the operations are done with rounding to the
nearest and that the computed result of a € R in floating-point arithmetic is denoted by a or fl(a) and F denotes the set
of all floating-point numbers (see [4] for more details). Following [4], we will use the following classic properties in error
analysis (we always assume that nu < 1).
(1) if 8 < u, oy = £1,then [TL,(1 4+ &) = 1+ 6, = (n),
(2) 16n] < yn = nu/(1 — nu),
(3) 1 +60(1+6) = (14 6kyy) and (k) () = (k + j),
(4) Y+ 7 + ¥Vi = Viwj and yie < Vi1

To derive the running error bound, we need the next relations (see details in [5,7]).

B=two(ek, ns+0fi. (+uwx<n (L) . @)
1—(+ NDu

Next let us introduce some results concerning error-free transformations (EFTs). For a pair of floating-point numbers

a, b € F, when no underflow occurs, there exists a floating-point number y satisfyinga o b = x 4+ y, where x = fl(a o b)

and o € {+, —, x}. The transformation (a, b)) —> (x,y) is regarded as an error-free transformation. The error-free

transformation algorithms of the sum and product of two floating-point numbers used later in this paper are the TwoSum

algorithm by Knuth [11] and the TwoProd algorithm by Dekker [12], respectively (see Appendix B). The following theorem
exhibits the important properties of the TwoSum and TwoProd algorithms (see [10]).

Theorem 1 ([10]). For a,b € Fandx,y € F, TwoSumand TwoProd verify

[x,y] = TwoSum(a, b), x=fl(@+b), x+y=a+b, y<ulx|, y <ula+b,
[x,y] = TwoProd(a,b), x=fllaxb), x+y=axb,y=<ulx|, y<ulaxb|.

3. Horner derivative algorithm

The Horner derivative (HD) algorithm is the classic method for the evaluation of the k-derivative of a polynomial
px) = Z?:o a;x'. This algorithm permits the direct evaluation without obtaining the k-th derivative of the polynomial
itself at any point x (see more details in [4]). Using a data dependency graph between the computed values, we present a
new method to obtain the error bound of HD algorithm here.

First of all, we will introduce the data dependency graph as a convenient technique in the error analysis, which is similar
to those in the literature, such as [13,14]. Fig. 1 shows the data dependency graphs for HD algorithm in Section 3 and CompHD
algorithm in Section 5. There exist the following relations:

T(,j) =T(@,j+ 1) x TV_arr+T(@{i — 1,j + 1) x TD_arr, (3)

E({,j)=E(@,j+ 1) x EV_arr + E(i — 1,j+ 1) x ED_arr + CS(i, j), (4)
where T (i, j) and E(i, j) are computed values, the vertical arrows TV_arr, EV_arr and the diagonal arrows TD_arr, ED_arr are
coefficients, and CS(i, j) is a constant.

For further error analysis, the condition number for the k-th derivative evaluation of a polynomial p(x) = Z};O aix' at
entry x is given

n
k‘ Z Cﬁqlxlm_klam| ~(k)
m=k p (X) k k
cond(p, x, k) = . = FCI Cn = m) (5)
‘k! > Ckxm—ka,

m=k

Next, we recall the classic HD algorithm and prove its accuracy with data dependency graph technique. The analogous
result is obtained by expressing Algorithm 1 in matrix form in [4], however, which only deal with the first derivative.
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Fig. 1. Data dependency graphs for HD and CompHD algorithms.

Algorithm 1. Horner derivative algorithm

function res = HD(p, x, k)

y?:O,fori:O:l:k,andj:n—kl:—1:0
fll =a,forj=n:-1:0
forj=n:—-1:0
fori = min(k, n —j) : —1 : max(0, k — j)
y=xxy "+
end
end

res = k! x y?

The data dependency graph for the HD algorithm in theoretical computation can be expressed with Fig. 1(a), where the

parallelograms represent the initial values, thatis T(—1,j+ 1) = f]] = a; and the squares represent the iterative values,

thatis T(i,j) = y{ The vertical arrow (TV_arr) and the diagonal arrow (TD_arr) represent x and 1, respectively. Then, (3)
embodies the following Eq. (6).

Before proving the main theorem, we display two recursive formulas as follows, which correspond to the theoretical and
numerical computation, respectively,

yf:xxyﬁ“—i— j+1

i-1°

(6)
. L
Vi =x®¥" &y .

(7)

The following lemma gives the bound of the floating-point evaluationﬂ, which is used in the accuracy analysis of the HD
algorithm and the further proposed CompHD algorithm.
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Lemma 1. Let p(x) = Zl o di x' be a polynomial of degree n with floating-point coefficients, and let x be a floating-point value.
? is the floating-point evaluation of y’ in Algorithm 1, and it satisfies

n
Vil < A4 yami) D G jlxI™ g, (8)

m=i+j

Proof. From (7) and the standard model (1) we can deduce

ﬂ:xxﬂ“&%%ikﬂ. (9)
Actually, wheni +j = nﬂ =y’ ], but for the error analysis of convenience, here we 1etj7’ :}“) wheni > 0
and y! Yo = S/\”*]] = a,, which is consistent with the following ¢, = 0 in Eq. (11). Then with the same initial value
Y, =Y,=a_1,k+1=<t<n+1, wecanobtain

¥ = Z G X" M an (1 4 &), (10)

m=i+j
with

L . 0, ifm=n,
1+ &jm = 14 Orm—(i4j)+iven = 2M—({+)) +i+En), Cm= {1 else.

Sincen > m > i+j > k > i, we obtain max{|&;jm|} < y2n—«-
Therefore, from (10) we can easily obtain (8). O

In the case of the iterative relation (9), in contrast to (3), the vertical arrow TV_arr and the diagonal arrow TD_arr represent
x x (2) and (1), respectively, T(i, j) = ﬂ and the initial values T(—1, t) =3" ; = a,_1. Fig. 1(a) shows that each path from
the node (0, m) to the node (i, j) consists of m — (i+j) vertical arrows and i diagonal arrows, with the number of these paths
be C,iq_j. And there is only one path of the diagonal arrow from the node (0, m) to (—1, m+ 1). Considering'yg 57“‘;1 =ay,

and?{?=xx"m+l< )+Afn+1< )

When computmgﬂ, we find that the node (i, j) is in the line x + y = i +j and the valueﬂ in the node (i, j) only depends
on the values in the nodes (0, i 4 j), ..., (0, n). Then from Fig. 1(a) it is easy to obtainthatn > m >i+j >k > i.

The above discussion about the data dependency graph of Algorithm 1 helps explaining how to obtain Eqs. (10), (11) and
finally (8).

for m > j, we have the definition of ¢, in (11).

Theorem 2. Let p(x) = Z?:o a;x' be a polynomial of degree n with floating-point coefficients, and x a floating-point value. The
relative forward error bound in Algorithm 1 verifies:

[HD(p, X, k) — p® (x)]
Ip® ()]

< yancond(p, X, k). (12)

Proof. According to (10) and (11) in Lemma 1, leti = k and j = 0, then we have

n
Vo= X" an(1 + Oamtrzn)- (1)

m=k

From Algorithm 1, we have

HD(p, x, k) =pV(x) = k! ® ) = kGR(1+61), |61] <u. (14)

Here, we deem that the process k! does not generate rounding error.
Thus, from (13) and the property (3) in Section 2 we have

n
HD(p, x. k) = K ) o™ ¥ (1 + Oam—cr g 1). (15)

m=k

Since k > 1, we have |0rm—isem+1] < onktent1] < Von—ik+1 < Van. Using the condition number (5), we finally write the
error bound (12). O

Theorem 2 tells us that when cond(p, x, k) > yZ;], the computed result HD(p, x, k) does not contain any correct digit.
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4. Compensated Horner derivative algorithm

In this section, the rounding errors generated by Algorithm 1 in each step are exhibited with EFT algorithm. We give the
expression of y}j — ?‘,3 which consists of these rounding errors. On the basis of this expression we propose a compensated
Horner derivative (CompHD) algorithm.

Applying error-free transformation to formula (7), we obtain

[s, nlj] = TwoProd(x,?‘;“), (16)
7, o/] = TwoSum(s, 7). (17)

Theorem 3. Let p(x) = Z?:O a;x' be a polynomial of degree n with floating-point coefficients, and let y}? andﬂj be the theoretical
result and the numerical result, respectively, by Algorithm 1. Then we have

k n—1-i .
Ve=Ti+)_ ) G o), ¢ = (k a i) ’ e
i=0 j=k—i
where n{ and aij are rounding errors generated in the floating-point evaluation and obtained with EFT.

Proof. Since Eqgs. (16) and (17) are EFT, from Theorem 1, we obtain

= x4 Tl of 19
Let
eyj=y -3, fori=0:kandj=k—i:n—i (20)

then from (6) and (19), we have

eyl =xx ey + eyt 41l 4+ 0. (21)
Since ‘_+11 = ‘_+11 = g;is a constant, we have ey’;] =0, forj=n:—1:0.Also,itis obvious thatifi+j = nyﬁ =?§ = a,

and so eyf: = 0. Then we have the initial bound values.
According to the recurrence relation (21), it is easy to verify that at the end of loop we have

k n—1-i

evp=Y_ > XTIl + o). (22)

=0 j=k—i
Due to €y) = y? — 39, we obtain (18). O

The recurrence relation (21) is shown in Fig. 1(b), where the roundness represents the iterative values, thatis E (i, j) = eyﬂ

The constant value CS(i, j) in (4) is 71{ + oi] here. The vertical arrow (EV_arr) and the diagonal arrow (ED_arr) represent x and
1, respectively. We find that each of the paths from the node (i, j) to the node (k, 0) consists of i + j — k vertical arrows and
k — i diagonal arrows, with the number of these paths be C]-k_'. Considering (21) and the bound initial values, we find that

eyg should consist of all the constants CS(i,j) fori = 0 : kandj = k — i : n — 1 — i. Thus, based on the data dependency

analysis above, we deduce that the coefficient of (ﬂ{ + oij ) contained in the final formulation of eyg should be Cjk_"x"*j*".
From Theorem 3, we have

PP ) =32 x k! = G0 + ey?) x k. (23)

Therefore, the key of the new algorithm proposed in this section is to compute an approximate @2 of €y? in the working
precision, with a corrected result

P =0 e ) k. (24)

The corrected result p*¥)(x) is expected to be more accurate than the floating-point result (14) by the traditional HD
algorithm.
The previous discussion leads to the following compensated Horner derivative algorithm (CompHD algorithm)



H. Jiang et al. / Journal of Computational and Applied Mathematics 243 (2013) 28-47 33

Algorithm 2. Compensated Horner derivative algorithm
function res = CompHD(p, x, k)
yﬁ_o Ey’i_o fori=0:1:kandj=n+1:-1:0
= a, &t =0 forj=n:-1:0
forj=n:—-1:0
fori = min(k,n —j) : —1: max(0, k — j)
[s, 7/] = TwoProd(x, 7"
57 j] = TwoSumn(s, H
eyﬁ_x®eyi+1®e Al (71{690{)
end
end

res = (7 @ &y)) ® k!

Algorithm 2 consists of two parts: the computations ofA0 and €y eyk, the iterative relations of which are exhibited in Fig. 1(a)

and (b), respectively. It must be noticed that the iterative value? obtained by Algorithm 1 is as the same as that obtained
by Algorithm 2.

5. Accuracy of the compensated Horner derivative algorithm

In this section we prove that the result of the compensated Horner derivative algorithm is nearly as accurate as the one
computed by the original Horner derivative algorithm with twice working precision and then roughly rounded to working
precision.

Lemma 2. Let p(x) = Z?:o a;x' be a polynomial of degree n with floating-point coefficients. Algorithm 2 computes the floating-
point evaluation of ey,ﬂ’ defined in Theorem 3. Then the computed result e’j/‘,? satisfies the following forward error bound.

k n—1—i
levp = ) < yaacr Y, D G| + 1o D). (25)
i=0 j=k—i
Proof. By Algorithm 2, we have
G =x0d" e e ed)
=xx &1 +63) +:;t}(1 +6) + (] + o)) (1 +6y)
=xx &3+ >+(n{+a{)<2>. (26)

Actually, wheni+j=n—1,&""7 = &7 2)+ @ "7 +0/"7)(1),and wheni = 0, &, = xx &y5 (2) + (7l +0) (1).
However, for the sake of convenience of error analysis, it is feasible and reasonable that we assume that

&7 =) + @ o 2),
Vo = X x €571 (3) + (g + 9p)(2),
at the bound computation of Algorithm 2. Then at the end of loop we will have

k
o=y

i=0 j

n—1—i
> G @] + o)+ &), (27)
=k—

i

where (1+§&;) = (3(i+j — k) +2(k — i) +2).Sincen — 1> i+4j > k > i > 0, itis obvious that max{|&;|} < yan—r—1.
Thus, from (22) and (27), we obtain (25). O
Concerning the iterative relation (26), we can explain (27) with the data dependency graph in Fig. 1(b). Here, EV_arr and
ED_arr represent the multiplication by x x (3) and that by (2), respectively, with E(i, j) = é}: and CS(i, j) = (nf + a{)(Z).
The scheme is analogous to the previous one about ey:..

Lemma 3. Let p(x) = Z?:O a;x' be a polynomial of degree n with floating-point coefficients, and let x be a floating-point value.
Then if no underflow occurs, Algorithm 2 satisfies

n
]| + lo7| < 2u(1 + Yan-kr1) Y G IXI™ ). (28)
m=i+j
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Proof. Since [s, nf] = TwoProd(X,ﬂ:H) and Ify\{ oij] = TwoSum(s, ,’_L}) in Algorithm 2, according to Theorem 1, we obtain
]| < uls] (29)
) . 1
07| < uls + 351 < ullsl + 77D (30)

Taking into account that s = x ®ﬂ+1 =148k x 37::“), we have |s| < (1 + u)(]x| x m&l').
Hence, by (29) and (30), we derive

7]+ lo7] < 2u( +w (X x [ + 7. (31)

Considering that the values ofﬂ obtained by Algorithm 1 and by Algorithm 2 are the same, from Lemma 1, we have

n
KX BT <A 4y Y Coyoal™ P fap, (32)
m=i+j+1
n
S Aty Y Gl ™ jay). (33)
m=i+j

Using the classic property (4) in error analysis in Section 2, we have (1 + u)(1 + y2p—1) < (1 4+ Yon—k+1) and

Yan—k = Yan—k+1- ' ' ' ) .
(311;/[?32\)Nhi16 according to ;" ; 4+ Ch_;_; = Cj_;and G~f = C/ = 1, we can obtain the expected bound (28) from
- . O

Lemma 4. Let p(x) = Z};O a;x' be a polynomial of degree n with floating-point coefficients. The forward error bound between
the theoretical result ey2 and the computed result @2 in Lemma 2 can be refined as follows:

n
eyt — VRl < (k+ Dysn—i—1v2n Y _ ChIX™ ¥ [an]. (34)

m=k

Proof. From Lemma 3, we obtain

n
G + 1of]) < 201+ yanign) D GG XM aml. (35)
m=i+j

Taking into account that Cjk"'C;'n_j < Ck, we have

n—1-—i n
> TRl + o7 ]) < 2u(1 + Yok ) (M= K) Y ChIXI™ | am].
j=k—i m=k

Since k > 1, we obtain

2u(n — k)(1 + yan—i+1) < 2un(1+ ya) = yon,
then

n—1—i n
DT (1ol ) < van Y ChIX™  aml. (36)
m=k

j=k—i
The right-hand side of this inequality is independent of i. Thus, from (25) in Lemma 2 and (36), we obtain (34). O

Now we can give the accuracy of the CompHD algorithm for the evaluation the k-derivative of a polynomial in power
basis.

Theorem 4. Let p(x) = ZLO a;x' be a polynomial of degree n with floating-point coefficients, and x a floating-point value. The
relative forward error bound in Algorithm 2 is such that

|CompHD(p, x, k) — p® (x)|
[p® (x)]

< 2u+ (k4 1)yaysacond(p, x, k). (37)
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Proof. First, we deem that the procedure of computing k! generates no rounding error.
From (24), we obtain

PP = G+ D1 +e1) x kI x (1+ &) (38)
= Ky + €ey) — vy + (1 + 6,), (39)
where |e1], |&2] < uand (14 6,) = (14 &1)(1 + &) with |63] < y,. Then by (23), we deduce
PN (x) = pX)(1 4 6) + KIU(EVL — ey (1 4 6,). (40)
Thus the forward error bound in Algorithm 2 is
P® @) — P 0| < PP @)+ (1 + )k, — eyl (41)
Then from Lemma 4, we have
n
(1 + y)KIEYR — eypl < (k+ D1+ y2)ysn i 1vank! Y Chlx™ *|an]. (42)
m=k
Since (1 + ¥2)Van—k—1 < Van—kt1 < ysnand k! 31 Cr[x|™ ¥|an| = p* (x), we have
(14 y)KIEY) — eyl < (k+ D yanyad™® ). (43)
From (41) and (43), we obtain
PP — Y] < 72p™ | + k4 1D yony3np™® ). (44)

Using the condition number (5), and considering that y, ~ 2u which are almost the same to each other in working
precision, we obtain the expected relative error bound (37) roughly. O

From Theorem 4, we can observe that, if (k + 1)y»,y3pcond(p, x, k) < 2u, the relative error of the result computed by
Algorithm 2 is bounded by the constant value 2u.

Compared with Theorem 2, the computed value by the CompHD algorithm is nearly as accurate as the result computed
by the HD algorithm with twice working precision and then roughly rounded to working precision.

6. Running error bound for compensated Horner derivative algorithm

In the practical computation, we usually wish to compute a corresponding error bound along with the result. The a priori
error bound (44) in Theorem 4 is entirely adequate for theoretical purposes, but lacks sharpness. This section is devoted to
perform running error analysis of the compensated Horner derivative algorithm, which provides a sharper and a posteriori
error bound.

Lemma 5. Let p(x) = Z?:O a;x' be a polynomial of degree n with floating-point coefficients. We use the notations of Algorithm 2.
Then the error bound between the theoretical result eyg and the computed result 6312 is given by

o~ /\O
0 ~0 Van—k-1 & Wy ~
€y, — € <fl| ——% |} = 45
l€yi Vel < (1_(3n+1)u> o (45)
where Wy is the computed result of

k n—1-i

DO ¢TI + 1of)) (46)

i=0 j=k—i
in Lemma 2 and it is derived from

W =keow ewl e (el (47)
with the initial values ﬂ}f =0fori=—-1:k,j=0:n
Proof. From Lemma 2 we have

leyy — EVpl < Van—k—1wp, (48)
where w,? is the theoretical result of (46) with the iterative relation

wh = x| x w™ +wl] + (7| + |o]]) (49)

and the initial values wf =0fori=0:k,j=0:n.
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By (47) and the floating-point arithmetic model (1), we can deduce

: ; 1 ) 1 . . 1 1
W= x0Ty ——— T —— o o) —— ,
i (Ix] i )1+81+ i1 1+82+(|1|+|,|)1+£3 1+ es
with || <u,fort =1, 2,3, 4. 4
Then taking into account that &7{ > 0, we have
A+ w?® > x| x @+ @+ (] + lo])). (50)
Considering wy ' = |7y~ ' + oy~ '|and Wy " = |7y "] @ |0y '], we obtain
wg' < (1+wywg (51)

From (50) and (51), we can prove by induction that,forj=n—1:—-1:0,

w]» < (1+u)3("_1_j)+1’u7,:, (52)

1
which in turn is, for j = 0,
wd < (14 w010, (53)

By (48) and (53), we deduce

ey — &l < A+ w> "V gy, (54)
From the second relation in (2) and the model (1) it follows that
ey — ¥l = 1+ w> " DA+ wPan—k-1 ® wl(1+w),
< 1+ > Panio1 ® wy).
Using the third relation in (2), we obtain the expected error bound (45). O

We can explain the relationship between (46) and (49) with Fig. 1(b). Here, EV_arr and ED_arr represent |x| and 1,
respectively, with E(i, j) = w} and CS(i, j) = |!| + |o7].
Now let us consider the forward error bound in Algorithm 2. By (23) and (24) we can write

PP ) —pY 0| < |0) + ey x k! — G ® €79 @ K|
<GP+ x kI — G2 ® &%) @ k!| + 1630 — ey°] x k. (55)

The first term of (55) is the absolute error which comes from the evaluation of res = @g ® @2) ® k! in Algorithm 2. We
can apply algorithm TwoSum and TwoProd to obtain this actual error exactly. Meanwhile Lemma 5 gives the bound of the
second term. Hence, we can obtain a running error bound of Algorithm 2.

Theorem 5. A running error bound of CompHD algorithm (Algorithm 2) is given by

|CompHD(p, x, k) — p® (x)| < fl (%) , (56)
where o is the error bound defined by (48) in Lemma 5 and E is obtained from the following equality

B=lc@k del (57)
with [s, c] = TwoSum(¥?, €)7) and [p¥ (x), e] = TwoProd(s, k!).
Proof. From Theorem 1, we have

e+ =s+c,

sx k!l =p®(x) +e.
Then from (24) it follows that

O+ xkl— VD) @K = (c x k! +e). (58)

From (55), (58) and (45), we can obtain
PP =PI < fe x ki +el +leyp — R x K = (1 +w)’@@ K @ B).
Finally from the third relation in (2) and p® (x) = CompHD(p, x, k), we obtain the expected error bound (56). O
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Fig. 2. Evaluation the 3rd derivative of the polynomial p(x) = (x —0.75)°(x — 1)'! in the neighborhood of its multiple roots, using HD (left) and CompHD
(right).

From Theorem 5 we deduce the following algorithm for the computation of the compensated result p® (x) together with
the bound p of the running error.

Algorithm 3. Compensated Horner derivative algorithm with running error bound

function [res, ] = CompHDWErr(p, X, k)
Y =0& =00 =0,fori=0:1:kj=n+1:-1:0
:“11 =aj,€3/’:“11 =0, u’\f’fll =0, forj=n:—1:0
forj=n:—-1:0
fori = min(k,n —j) : —1 : max(0, k — j)
[s, 7/] = TwoProd(x, ")
[ﬂ, oij] = TwoSum(s, :}
F=x085"od  owed)
W=xew e, e (el
end
end
[s, c] = FastTwoSum(y?, €y7)
[res, e] = TwoProd(s, k!).
@ = Tanr1®@WY @ (16 GBn+ NHu)
B=|cRkl & el
u=@xk®pB) (164

Algorithm 3 includes an estimation of the error bound at the same time as the evaluation without increasing significantly
its computational cost.

7. Numerical experiments
All our experiments are performed in IEEE-754 double precision as working precision corresponding to about 16 decimal
digits. Here, we consider the polynomials with floating-point coefficients and floating-point entry x. In this section we

present accuracy and timing results. All the programs about accuracy measurements have been written in Matlab 7.0, and
the ones about timing measurements are written in C code.

7.1. Accuracy of the compensated Horner derivative algorithm

In the first experiment, we evaluate the 3rd derivative of the polynomial p(x) = (x — 0.75)°(x — 1)'!, written in its
expanded form, in the neighborhood of its multiple roots 0.75 and 1 (the tested polynomial is from [5]). Fig. 2 presents the
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Fig. 3. Accuracy of the 3rd derivative evaluation of p(x) = (x — 1)" forn = 5, ..., 45 in expanded form at the entry x = fI(1.333) with respect to the

condition number.

evaluation for 400 equally spaced points in the intervals [0.74995, 0.75005] and [0.9935, 1.0065]. It is clear that the CompHD
algorithm (Algorithm 2) gives much more smooth drawing than the original HD algorithm (Algorithm 1). The results show
that the compensated algorithm is an effective method of accurate evaluation to recover the expected curve.

In the second experiment, we focus on the forward error bound of our compensated Horner derivative algorithm. As
problem we consider the 3rd derivative evaluation of p(x) = (x — 1)" forn = 5, ..., 45 in expanded form at the entry
x = f1(1.333). The results of the tests performed with the CompHD and HD algorithm are reported in Fig. 3. As expected,
when the condition number is smaller than 1/u, the relative error of the result by CompHD algorithm (Algorithm 2) is equal
to or smaller than 2u. This relative error increases nearly linearly for the condition number between 1/u and 1/u?.

Itis interesting to compare the compensated Horner derivative algorithm with other approaches to obtain high-precision.
A standard way is by using multiple precision libraries, but if we just want to double the IEEE-754 double precision, the
most efficient way is by using the double-double arithmetic [15,16]. Thus we compare CompHD algorithm with the Horner
derivative algorithm written in double-double arithmetic (DDHD algorithm, see Algorithm 13), here the result of DDHD
should be rounded to the working precision (double precision). As we see in Fig. 3, CompHD algorithm has nearly the same
accuracy as DDHD algorithm.

In the next experiment, we illustrate the advantage of the running error bound (56) over the a priori one (44) in the
accuracy of the error bound. We evaluate the 3rd derivative of p(x) = (x — 1)® in expanded form for 400 equally spaced
points in the interval [0.9935, 1.0065]. The results are reported in Fig. 4. The running error bound is more significant than
the a priori one especially near x = 1.

7.2. Computational complexity and running time performances

In this subsection, we will pay attention to the computational complexity of all the algorithms HD, CompHD, CompHDwErr
and DDHD, and then show the practical efficiency of our algorithm in terms of running time. Algorithms 1-3 and 13 are
convenient to the error analysis, however they should be modified in the practical program. Hence in this subsection, it must
be emphasized that the HD, CompHD, CompHDwErr and DDHD algorithms represent the corresponding modified algorithms
written in C code after modification, such as taking the procedure Split(x) out of inner loop (referring to the technique
in [17]). Similarly, we also take the procedure abs(x) out of recurrence in Algorithm 3.

We assume that one counts the process of abs(x), min(x, y) or max(x, y) as well as every addition or multiplication as
one flop. And we let yﬁ = ap, for i + j = n, as the initial values. Just as shown in Appendix, TwoSum, TwoProd, Split
and FastTwoSum algorithms require 6, 17, 4 and 3 flops respectively. Then it is easy to obtain the computational cost of
Algorithms 1-3 and 13:

HD:2(n — k)(k+ 1) + k — 1 + 4n flops,

CompHD: 23(n — k)(k+ 1) + k + 4 + 4n flops,
CompHDWErr: 29(n — k)(k + 1) + k + 43 + 4n flops,
DDHD: 38(n — k)(k + 1) + k + 2 + 4n flops.

We measured the flop count ratios among HD, CompHD, CompHDwErr and DDHD and display the average ratios for
n=>50:5:1000and k = 1 : 1 : 8in Table 1. We can observe that CompHD is as accurate as DDHD but only requires
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Table 1
Average ratios of the floating-point operations.
CompHD CompHDWErr DDHD CompHD CompHD
HD HD “HD CompHDWETT DDHD
8.35 10.46 13.60 79.87% 61.47%

on the average only about 61% of flop count of that one. We also see that the over-cost due to the running error analysis for
CompHDwETrT is quite reasonable.

We also compared HD, CompHD, CompHDwErr and DDHD in terms of measured computing time. The experiments are
performed on a laptop with a Intel(R) Core(TM) i5-2520M processor, with two cores each at 2.50 GHz. We used gcc version
4.4.5 with the compiler option “—03" on Linux Ubuntu 11.04 and Microsoft Visual studio C++ 9.0 with the default compiler
option “/od” on Windows 7 as two testing environments. Here, ““/od” suppresses code movement, it simplifies the debugging
process. Just like the statement in [5], we also deem that the computing time of these algorithms does not depend on the
coefficients of the polynomials, nor the argument x, but on the degree n and the derivative order k. Thus, we generate the
tested polynomials with random coefficients and arguments in the interval [—1, 1], whose degree vary from 50 to 1000 by
the step of 5 and derivative order vary from 1 to 8 by the step of 1 (In accordance with the case in flop count comparison in
Table 1.)

The average time ratio are reported in Table 2. In contrast with the data in Table 1, we see that the measured computing
time ratio of CompHD/DDHD is obviously better than the theoretical flop count one. Thanks to the analysis in terms of
instruction level parallelism (ILP) (see details in [17,18]), this phenomenon is surprising, but reasonable. Briefly speaking,
avoiding the renormalization step needed for double-double computations, the CompHD algorithm presents more ILP than
its counterpart DDHD algorithm. Also note that CompHD, CompHDwErr and DDHD have much more instructions than HD, then
they will introduce some more instruction-level parallelism. This partly explains the phenomenon that the first three ratios
of running time are smaller than those of theoretical flop count. Considering that CompHDwErr has some procedures for
computing the running error bound than CompHDwErr, which limits exploiting ILP. Then it is reasonable that the measured
running time ratio between CompHD and CompHDwErT is smaller than the theoretical flop count one. Due to page limitation,
the data-flow graphs for these algorithms to evaluate their ILP are not presented here, which are similar to the ones in [18].
In order to let readers appreciate the running time properties of the proposed algorithms in their own environments, the
proposed C and Matlab codes in this paper could be downloaded on the website.

We also consider how n and k modify the flop count ratios and the measured computing time ratios. We found that,
for n > k and for both floating point operation ratios and measured computing time ratios, the first three kinds of ratios
CompHD/HD, CompHDwErr/HD and DDHD/HD increase with the increasing of k for some constant n. In the contrary, n has no
significant impact on the ratios for some constant k. Hence, using the average ratios can partly well exhibit their properties,
such as the phenomenon discussion above.

1 https://sites.google.com/site/haojiangaccuratecomputing/clients/resources.
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Table 2
Measured running time ratios.
CompHD CompHDwErT DDHD CompHD o CompHD o,
HD HD HD CompHDWErT (%) DDHD (%)
Linux gcc 4.4.5 3.85 6.44 8.14 61.76 47.42
WindowsVc++9.0 458 7.54 9.79 61.98 47.06

8. Simple application

In this section, we present an application to show the effectiveness of the proposed compensated Horner derivative
algorithm. We consider the Newton’s method in floating-point arithmetic [19] for solving the equation of the univariate
polynomial p(x) with a simple root. In that case, we improved the accurate Newton’s method proposed in [20], by using
CompHD algorithm to accurately compute the derivative. The classic Newton’s method and the accurate Newton’s method
are presented as follows:

Algorithm 4. The classic Newton's method

Xo=§&
Xit1 = Xi —

Horner(p.x;)
HD(p,x;,1)

Algorithm 5 (/20]). The accurate Newton’s method

X =&

_ CompHorner(x;)
Xip1 = Xj — “p R

HD(p,x;,1)

For a polynomial p(x) with a simple zero x, x is not a zero of p/, however, sometimes the evaluation of p’ near x can be
still ill-conditioned. Hence, in this case it is necessary to accurately evaluate p’(x;), then we choose the CompHD algorithm
to modify Algorithm 5 and obtain the following algorithm.

Algorithm 6. The new accurate Newton’s method
X =£

CompHorner(p,x;)

Xit1 = Xi = “eommpx. 1)

The following error analysis and numerical example proves and illustrates, respectively, that the convergence of iteration
strongly depends on the accuracy of the derivative’s evaluation when the problem of finding simple root is too ill-
conditioned, and that the accuracy of the final iteration result depends on the accuracy with which the residual is computed.

8.1. Forward error

In floating-point arithmetic, Newton's method for general function f can be expressed as follows:

D =nef@ ol =01 4 (59)
)
where
E,' = ,{(2) (Sl' + & (60)
)

with || < u[viy4| and |§;] < u.
For notational convenience, we write ¥ = Vi1, v = v; and E = E;. We obtain

b 10 g (61)
f(w)
The condition number of finding simple root of a univariate polynomial used in this paper is given as follows (see [20])
P(|x
condroot (p, X) = M (62)

x| Ip'(x)|”

Theorem 6. Assume that the simple root is « such that f(«) = 0,f (@) # 0 with f is continuously differentiable in a
neighborhood of the root, and in floating point arithmetic the computation of the derivative satisfies

) —f)
f'(v)

Assumption 1 : < -, (63)
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where w is an upper bound given when v is closed to o, which shows the relative error bound of f'(v). Assume also that for any v,
obtained from the iteration from the initial value vq sufficiently close to the root «, satisfies

f) -
F@w—a)

Here, 1 is an_upper bound which partly shows the ratio bound between the secant and the tangent. In the iterative process,
f'(v) # 0and f'(v) # 0, meanwhile w and w4 satisfy

Assumption 3 : pq + 2w < 2. (65)

Assumption2 : 0 < 1. (64)

Newton’s method (Algorithm 4) or its improved versions ( Algorithms 5 and 6) in floating point arithmetic generates a sequence
{v;} converging to v,. Then assume that, when the iteration converges, there is

fwy)
f/(v*)(v* - Ol) '

o means a lower bound of equation in (64) for the final iterated result v,. The parameters w, ;1 and u, used in
Assumptions 1-4 will help to obtain the accuracies guaranteed by the algorithms as follows.
In case of Algorithm 4:

Assumption4 : 0 < uy < (66)

o — Uy

< CVchondroot(ps U*)- (67)

Vs
In case of Algorithms 5 and 6:

o
< Ku + Dy;,condroos (P, v.) (68)

Vs
where C, K and D are the constants that consist of w and 4.
Proof. First, expand f in a Taylor series around the simple root ¢,

0=f(a) =f(v) + (@ —v)f'(r) (69)

where r is between v and «. From (61) and (69), we deduce

_ f/(r)> F) —f)
—v) = — 1—= + = —E. 70
@-m=t=w ( o) o) 7o
For convenience, let
U (0 R 1€ hn? KON 71)

0 £ T

Second, we will prove that |G| < 1. From Assumption 1 (63), we can obtain

') 1 O

= 1 . 72

Fol " 1-w Fay| =@ (72)
And from (69), the first part of (72), Assumption 2 (64) and Assumption 3 (65) we have

fo)_|_fw 1 f@ mo_, 73

ffwl foew-o] 1-el[ffO-0| 1-o

Meanwhile, from Assumption 1 (63), it is easy to obtain that f'(v) andf/(v) have the same sign. Hence, by (73) and the first
inequality in Assumption 2 (64), we have

f)

<= < (74)
vy —a
Therefore, it follows that
G = ’1 SOl _ S ] (75)
f(v) IHOICEED)

As a consequence, the iterative process converges with v — v,.
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Next, from (70) and the denotations in (71), it follows that

18|
|1 _G*|

Using the second inequality of (72) and Assumption 4 (66), we can deduce

lo — v, < (76)

1+w
M2

ol [Feo| [fwo Fl(0) (vs — @)
f(ry) ' (vy) f(ry) fvy)

where 1, is between v, and «. From the definitions of g in (71) and E in (60), with the first inequality in (72), we have

1 —
|1_G*|

< (1+w) (77)

o~

Fs) = f(vs)
fr(ws)

-~

fu) —fvy)

+ |Ex| <
! 1—w‘ [/

+ |E.], (78)

8] < ’

where

f(v*)

=

F(vi)
Here, by Assumption 2 (64) we have

fvy)
I (vy)
Finally, we will show the forward error bounds of Algorithms 4-6. Here the general function f is reduce to the polynomial

function p.
In case of Algorithm 4, the error bound of the polynomial evaluation is

|Ex| <u

u fvy)
+ulvy| < 11— (f/(v*)

fwo) —f@)
F'(v,)

)+u|v*|. (79)

< mal(e — vyl (80)

[P(x) — p(x)| = |[Horner(p, x) — p(x)| < yanD(IX]). (81)
Then from (76)-(81), using the definition of condition number (62) we have

14w 1+ow 14w
[1 ! U u} < (14 w)y2ncondroot (P, V) + U .
(1—-w)u, (1 —-w)u, j7%)

Considering that cond,,et > 1and u < y;,, we simplify the inequality and approximately obtain
14+ w)(2 —w)

(1—w)u,
In case of Algorithms 5 and 6, CompHorner is used for the evaluation of the polynomial, with the error bound

o — VU,

U

o — Uy

Y2nCoNdroot (P, Vi) (82)

Uy

[P(X) — p(x)| = |CompHorner(p, x) — p(x)| < u[p(x)| + yz,p(|x|). (83)
Similar to the discussion above, it follows that

|:1 O+ o)

(1—w)u,

and its approximate simplification

14+w 1+w
(1 + u)y5,condyoos (P, Vi) + U :
(1 —w)us 2

o — v,

u2+ u)] ’

Uy

o — VU,

1+w 1+w
<

2
u d, ,Uy). O 84
i + R Yo CONdroot (P, Vs) (84)

U

Assumption 1(63)is necessary and reasonable. When the relative error is larger than 1/2, the computed result maintains
nearly no more than one bit precision, which means there is nearly no useful information left. Assumption 2 (64) and
Assumption 3 (65) will guarantee the convergence of the iteration. These assumptions are not strong that even when the
derivative evaluation is too ill-conditioned they can still hold. From the expression G in (75), we deem that the convergence
depends on the accuracy of the function’s derivative but not that of the function itself. When the evaluation of the derivative
is too ill-conditioned, such that ucond(p, x, 1) > 1, Algorithm 6 still converges but Algorithm 5 does not.

In the proof of Theorem 6, we expand f in a Taylor series around simple root @ and truncate the expansion at the
first order, and then consider the convergence based on the hypothesis that the iteration converges linearly. Actually, the
convergence factor of Newton method in floating point arithmetic is between 1 and 2. Here, assume that f € C?, we have

1
0=f(a) =f(v) + (@ — v)f'(v) + F@— )" (©), (85)
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where c is between « and v. Then we obtain

-~

_f(v)) g pl© T —fw) (36)
Fw/) 2 Foy " Fw)

In exact arithmetic we havef(v) = f(v) andf’(v) = f’(v), then it shows that Newton’s method is quadratic convergent.

Note that for w <« 1in Assumption 1(63), 1 — % will be close to zero, then the rate of convergence of iteration is nearly
quadratic. It can be predicted that the adoption of accurate computing derivative does not obviously reduce the number of
iterations, when the problem is not too ill-conditioned.

When the sequence converges, we present the error bounds of the three algorithms under Assumption 4 (66). It is
required that p;, should not be too small, which is not a strong assumption and usually can be fulfilled. From (76)-(79),
considering that E, has a constant multiplicative factor u, we can assert that the accuracy guaranteed by the algorithm
depends on the accuracy with which the residual is computed, that is f (v,) — f(v,). On the contrary, due to Assumption 1
(63), the computation of the derivative in floating point arithmetic only results in the largest perturbation ﬁ in (78), then
we deem that the accuracy, with which the derivative is computed, has little effect on the final accuracy. It is also interesting
to note that in the error bound (84) with adopting the accurate residual computation, if yzzncondroc,t (p, v«) = Ru for some
constant R, it is expected to obtain a relative error of order @ (u).

(a—ﬂ):(a—v)(]

8.2. Example

To illustrate the effectiveness and accuracy of Algorithm 6, we compare Algorithms 4-6 by computing the simple real
zero of the expanded form of the polynomial p,(x) = (x — 1)" — 273!, for n = 2 : 55, the condition number of which varies
roughly from 10* to 10°2 at the real zero. Note that, if n is even, there are two real roots: 1+ 2~/ if n is odd, there is only
one real root 1 + 27M/" We set the initial value vy = 2, then considering the local convergence property of the Newton
method, we deem that the iteration sequence will converge to the real root & = 1+ 2~M/",

There are two possible stopping criteria for terminating the iterative process: a stopping test based on the residual
f(xk) < € and on the increment |x,41 — xx| < tol. If n is large, we will obtain p,(¢) = n(e — 1)" ! « 1, then the
first stopping test is not reliable (see details on pp. 237 in [21]). Hence, in our example, we choose the stopping criterion
[Vk41 — Vi| < tol = 10715 and set the maximum admissible number of steps for the iterative process as Num = 100.

We carry out some numerical experiments in MATLAB 7.0, for which the unit roundofferrorisu = 273 ~ 1.12 x 10716,
First, we consider the evaluation for the values in the assumptions in Theorem 6 and the partial results are reported in Fig. 5.
Here, we use symbolic toolbox in MATLAB to compute the values of Assumptions 1-4. We can observe that all the four
assumptions are fulfilled to Algorithm 6 for condition number varying from 10* to 10%° corresponding ton = 2 : 53, to
Algorithms 4 and 5 only for condition number roughly from 10 to 104 and 10", respectively, corresponding ton = 2 : 19
andn =2:22.

Clearly for o = 1,1 =
assumptions are met.

, Uy = % we have the following two forward error bounds on the condition that the

— Vs

o
Algorithm 4 : ’ < 10y2pcondyoot (P, Vs),

Uy

— Uy

Algorithms 5 and 6 : ‘a < 4u + 6y4,cond oot (P, Vs).

Uy

Fig. 6 shows the relative accuracy |v, — «¢|/|v,|, where « is the exact root and v, is the computed value by three algorithms.
We also plot the a priori error estimations.

As we can see, Algorithm 6 is as accurate as Algorithm 5, if the condition number is less than 10'°, and yields nearly
a full precision. However, when the condition number is equal to or greater than 10'®, the inaccurate evaluation for the
derivative causes the convergence failure of Algorithm 5 as predicted by the second one in Fig. 5. In contrast, Algorithm 6
still converges and presents the accuracy which decreases almost linearly. Considering that the first three assumptions in
Theorem 6 are sufficient but not necessary for the iteration’s convergence, it is reasonable that even though in Algorithm 5
the assumptions is not fulfilled, with respect to the condition numbers between 10> and 108, the iterative process still
converges. Here, “converge” means that iteration stops with satisfying the increment stopping criteria tol and then the
iteration number is smaller than the maximum admissible number Num.

In the numerical tests we find a phenomenon, that is some iterations stop for the maximum admissible number of
iteration steps without satisfying the increment stopping criteria. There are two reasons. One is that the iteration does
not converge. The other is that the increment stopping criteria tol may be too small for some iteration.

Most of the cases with this phenomenon are due to the first reason. For Algorithm 4, it usually happens when the condition
number is larger than 10'° with the percentage about 87.04%. For Algorithm 5, it usually happens when the condition number
is larger than 10'® with the percentage 61.11%. We perform the numerical tests for tol = 1078, ..., 10~!> with the largest
maximum iteration number Num = 100. Then we find that, for Algorithms 4 and 5, the percentages of the phenomenon
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Fig. 6. Accuracy of the three algorithms with respect to the condition number.

happening are nearly the same. Hence, we affirm that the reason is that the iteration does not converge. Finally, we deem
that Algorithms 4 and 5 do not converge in the case of too-ill conditioned problem.

However, for Algorithm 6, this phenomenon happens on only a few point (about 7.41%) with tol = 10~'> and Num = 100.
If we reset tol = 1078, we found that no iteration stop for the maximum admissible number. Hence, we deduce in this case
the phenomenon is due to the setting of the increment stopping criteria tol. Comparing with the exact Newton method, our
method (Algorithm 6) still has the rounding errors, so sometimes the numerical iteration of our method has an oscillation
near the convergence result. If tol is not small enough, the iteration seems to converge. But if tol is small enough, the
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Fig. 7. Accurate computing derivative’s effect on the rate of convergence of Newton’s method.

effectiveness of oscillation will be significant, then it seems that the iteration does not converge. Whatever we can deem
that Algorithm 6 converges in the case of too-ill conditioned problem.

Obviously, for Algorithms 4 and 5, when the iteration does not converge, the larger maximum admissible number of
iteration is useless. Also for Algorithm 6, if tol is small enough, it is useless using larger maximum admissible number. The
discussion above also shows that it is a good option to choose the maximum admissible number of iteration Num = 100
and the increment stopping criteria tol = 10~'* in Fig. 6.

We also present the behavior of the convergence rate of Algorithms 5 and 6 when the problem is not too ill-conditioned.
The results in Fig. 7 illustrate, as predicted by our analysis before, that the accurate computing the derivative has no obvious
effect on the rate of convergence for the iteration. Hence, if the problem is not too ill-conditioned (condition number
is smaller than 10™), it is not required to accurately compute the derivative. In contrast, it is necessary to compute the
derivative accurately to guarantee the convergence of iterative process when the problem is too ill-conditioned.

In conclusion, the adoption of accurate evaluation for the derivative guarantees the convergence of Newton’s method
when the problem is ill-conditioned, and that of accurate evaluation for the residual improves the accuracy of final iterative
result.

9. Conclusion and future work

In this paper we have provided and analyzed the compensated Horner derivative algorithm for accurate evaluation
derivatives of a polynomial in power basis. The results confirm that the algorithm can yield an evaluation as accurate as
if computed with twice working precision and rounded back to working precision. Numerical tests illustrate the proposed
algorithm performs more well than the other competitive algorithm, such as the original algorithm in the double-double
format. A simple application of the proposed is performed showing its effectiveness.

As the future work, we will consider using our compensated Horner derivative algorithm to accurately compute p’(x)
or p”(x), when the root has multiplicity, then by which, we can modify Newton and other higher-order iterations. For
the evaluation of the derivative of the polynomials in other forms, we will also propose new accurate algorithms. The
compensated de Casteljau algorithm to accurately evaluate the derivative of a polynomial in Bernstein form has been
proposed in [22]. For the evaluation of pth derivative of Jacobi series, which is studied in [23], the corresponding accurate
compensated algorithm will be considered based on [24].
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Appendix. Double-double library

The QD package [16,25], which provides double-double and quad-double arithmetic, is based on the following algorithms
for the accurate addition and multiplication of two IEEE 64-bit operands using rounded arithmetic, due to Knuth [11] and
Dekker [12]:

Algorithm 7 ([11]). Error-free transformation of the sum of two floating-point numbers

function [x, y] = TwoSum(a, b)
x=a®db
zZ=Xx06ua
y=@ox02)® (boz)
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Algorithm 7 requires 6 flops.

Algorithm 8 ([12]). Error-free transformation of the sum of two floating-point numbers (|a] > |b|)
function [x, y] = FastTwoSum(a, b)
XxX=adb
y=(@ox)®b

Algorithm 7 requires 3 flops.

Algorithm 9 ([12]). Error-free split of a floating-point numbers into two parts
function [x, y] = Split(a)
¢ = factor ® a (in double precision factor = 2?7 4 1)
x=cH(cSa
y=a6x

Algorithm 9 requires 4 flops.

Algorithm 10 ([12]). Error-free transformation of the product of two floating-point numbers

function [x, y] = TwoProd(a; b)
x=a®b
[al, a2] = Split(a)
[b1, b2] = Split(b)
y=a2®b2e ((xcal®bl)©a2®bl) ©al ® b2)

Algorithm 10 requires 17 flops.

Algorithm 11 ([/15]). Addition of a double-double number and a double-double number
function [rh, rl] = add_dd_dd(ah, al, bh, bl)
[sh, sl] = TwoSum(ah, bh)
[th, tl]] = TwoSum(al, bl)

sl=sl®th
th =sh @ sl
sl = sl & (th & sh)
tl=tldsl

[rh, rl]] = FastTwoSum(th, tl)

Algorithm 11 requires 20 flops.

Algorithm 12 ([15,17]). Multiplication of a double-double number by a double number
function [rh, rl] = prod_dd_d(ah, al, b)
[th, t]] = TwoProd(ah, b)
tl=al®@bdtl
[rh, rl]] = FastTwoSum(th, tl)

Algorithm 12 requires 22 flops.

Algorithm 13. Horner derivative algorithm in double-double arithmetic
function [resh, resl] = DDHD(p, x, k)
yhffzo,fori:O:]:k,andj:n—kl:—]:0
yh’ff =ga,forj=n:-1:0
ylf:O,fori:O:1:k,andj=n+l:—1:0
forj=n:—-1:0

fori = min(k, n —j) : —1 : max(0, k — j)
[rh1, 11] = prod_dd_d(yi™", yi*', x);
[yh}, yP] = add_dd_dd(rh1, ri1, yh*], y* 1)
end
end
resh = k! x yh)
resl = k! x yI?
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